We study the behavior of the stationary velocity of a driven particle in an environment of mobile hard-core obstacles. Based on a lattice gas model, we demonstrate analytically that the drift velocity can exhibit a nonmonotonic dependence on the applied force, and show quantitatively that such negative differential mobility (NDM), observed in various physical contexts, is controlled by both the density and diffusion time scale of obstacles. Our study unifies recent numerical and analytical results obtained in specific regimes, and makes it possible to determine analytically the region of the full parameter space where NDM occurs. These results suggest that NDM could be a generic feature of biased (or active) transport in crowded environments.
Introduction.-Quantifying the response of a complex system to an external force is one of the cornerstone problems of statistical mechanics. In the linear response regime, a fundamental result is the fluctuationdissipation theorem, which relates system response and spontaneous fluctuations. Within the last years a great effort has been devoted to generalizations of this theorem to nonequilibrium situations [1] [2] [3] [4] , when the time reversal symmetry is broken, and also to elucidating the effects of the higher order contributions in the external perturbation [5] [6] [7] [8] [9] [10] [11] . From experimental perspective, theoretical understanding of the latter issues is of an utmost importance in several fields, such as active microrheology [12] [13] [14] and dynamics of nonequilibrium fluids [15, 16] .
A striking example of anomalous behavior beyond the linear regime is the negative response of a particle's velocity to an applied force, observed in diverse situations in which a particle subject to an external force F travels through a medium. The terminal drift velocity V (F ) attained by the driven particle is then a nonmonotonic function of the force: upon a gradual increase of F , the terminal drift velocity first grows as expected from linear response, reaches a peak value and eventually decreases. This means that the differential mobility of the driven particle becomes negative for F exceeding a certain threshold value. Such a counter-intuitive "getting more from pushing less" [17] behavior of the differential mobility (or of the differential conductivity) has been observed for a variety of physical systems and processes, e.g. for electron transfer in semiconductors at low temperatures [18] [19] [20] [21] , hopping processes in disordered media [22] , transport of electrons in mixtures of atomic gases with reactive collisions [23] , far-from-equilibrium quantum spin chains [24] , some models of Brownian motors [25, 26] , soft matter colloidal particles [27] , different nonequilibrium systems [17] , and also for the kinetically constrained models of glass formers [28] [29] [30] .
Apart of these examples, negative differential mobility (NDM) has been observed in the minimal model of a driven lattice gas, which captures many essential features of the behavior in realistic systems. In this model one focuses on the dynamics of a hard-core tracer particle (TP) which performs a random walk of mean waiting time τ , biased by an external force F , on a lattice containing a bath of hard-core particles (or "obstacles") of density ρ, which perform symmetric random walks of mean waiting time τ * . Such a system may be viewed as the combination of two paradigmatic models of nonequilibrium statistical mechanics, namely the symmetric and asymmetric exclusion processes, which have been extensively studied to describe heat and particles transport properties [31] . Up to now, only limiting situations of this model have been analyzed.
In the case of immobile bath particles (τ * → ∞), it has been argued that for a tracer subject to an external force and diffusing on an infinite percolation cluster, the drift velocity vanishes for large enough values of the force, and therefore NDM occurs [32] . More recently, NDM was also observed via numerical simulations for low density of immobile particles [2, 34] and analytically accounted for [2] , but to the first order in ρ only. Surprisingly enough, it appears that NDM is not a specific feature of a frozen distribution of obstacles but also emerges in dynamical environments undergoing continuous reshuffling due to obstacles random motion (τ * < ∞). Indeed, very recently, numerical analysis performed in [35] at a specific value of the density revealed that NDM could occur in a 2D driven lattice gas for bath particles diffusing slow enough.
In general, the origin of the NDM has been attributed to the nonequilibrium (called "frenetic") contributions appearing in the fluctuation-dissipation relation [36, 37] . As shown earlier in [38, 39] , due to its interactions with the environment the TP drives such a crowded system to a nonequilibrium steady-state with a nonhomogeneous obstacles density profile. However, the "nonequilibrium" condition is clearly not the only necessary condition for the NDM to emerge -in simulations in [35] this phenomenon is apparent for some range of parameters but it definitely should be absent when the obstacles move sufficiently fast so that the TP sees the environment as a fluid.
Finally, NDM seems to be controlled by both the density ρ and the diffusion time scale τ * of the bath particles. However, a microscopic theoretical analysis of this effect is still lacking. The only available analysis is restricted to the case of immobile obstacles (in the low density regime) where, by definition, the bath particles are not perturbed by the TP. In this Letter, we reveal the complete scenario of this coupled dynamics providing i) a scaling argument in the dilute regime that unveils the physical mechanism of NDM, ii) an analytic analysis of the TP velocity for arbitrary values of system parameters, and iii) a criterion for the NDM effect to be observed, which shows in particular that for any ρ NDM exists if τ * is large enough (see Fig. 1 ).
More precisely, using a decoupling of relevant correlation functions, we derive the force-velocity relation V (F ) valid for general ρ, τ , τ * and F , and for any dimension d ≥ 2. This approximate expression is shown to be exact both in the dilute and in the dense limit and provides results in excellent agreement with numerical simulations for a wide range of parameters. In the low density regime, we recover the exact result obtained in [2] in the limit ρ → 0 and τ * → ∞, while in the high density limit our general expression gives back the exact results of [40] . Therefore, our theoretical framework unifies existing asymptotic results [2, 34, 35] . Our analytic result also allows us to quantify the non-trivial nonmonotonic behavior of the velocity with respect to the force, bringing to the fore the central role of the coupling between density and time scales. In particular, we analytically determine in the plane (ρ, τ * /τ ) the region for NDM and establish an accurate criterion for the existence of the NDM (exact at linear order in ρ), see Fig. 1 [41] .
Model.-The dynamics in the system under study is defined as follows. Each bath particle, selected at random, waits an exponential time with mean τ * and then selects the jump direction with probability 1/2d. Once the jump direction is chosen, the obstacle attempts to move onto the target site: the move is realized if the target site is empty at this time moment; otherwise, if the target site is occupied by either another obstacle or the TP -the move is rejected. In a similar fashion, the TP waits an exponential time with mean τ and then chooses to jump in the direction ν (ν ∈ {±1, . . . , ±d}) with probability
where β is the inverse temperature (measured in the units of the Boltzmann constant), e µ are the corresponding 2d base vectors of the hypercubic lattice, the lattice step has been taken equal to one and we denote F ≡ F e 1 . Note that (1) provides the standard choice of the transition probabilities, which satisfy the generalized detailed balance condition [42] , but arbitrary choices of p ν [35] can be considered within our formalism [43] . Before discussing the mathematical details of our approach, we first present a scaling argument that reveals the physical mechanism underlying NDM and provides an estimation of the threshold in the low density limit. Assuming a strong external force, one has
2 ) with ǫ = 2 exp(−βF/2), so that the mean velocity in the absence of obstacles can be written (1 − ǫ)/τ . The stationary velocity in the presence of obstacles is then given by the mean distance 1/ρ travelled by the TP between two obstacles divided by the mean duration of this excursion, which is the sum of the mean time of free motion τ /[ρ(1 − ǫ)] and of the mean trapping time τ trap per obstacle. The escape from a trap results from two alternative independent events: the TP steps in the transverse direction (with rate ǫ/τ ) or the obstacle steps away (with rate 3/(4τ * ), for d = 2). This leads to 1/τ trap = 3/(4τ * ) + ǫ/τ , and finally
From this formula, it can be viewed that V is decreasing with F at large F (i.e. small ǫ), and therefore non monotonic with F , as soon as τ * τ / √ ρ. This unveils the physical origin of NDM in the dilute regime, where two effects compete. On the one hand a large force reduces the travel time between two consecutive encounters with bath particles; on the other hand it increases the escape time from traps created by surrounding particles. Eventually, for τ * large enough, such traps are sufficiently long lived to slow down the TP when F is increased. In order to get a rigorous and quantitative understanding of NDM for all parameter values, we now analyze in detail the microscopic dynamics of the model.
General expression of the velocity.-Let the Boolean variable η(R) = {1, 0} denote the instantaneous occupation of the site at position R by any of the obstacles, η ≡ {η(R)} denote the instantaneous configuration of all such occupation variables and R T P -the instantaneous position of the driven particle. The stationary velocity V (F ) along the field direction is easily shown to be given by (see Supplementary Material [44])
where the coefficients A ν (ν = ±1, . . . , ±d) are defined by the relation
. Here, k(e ν ) ≡ R T P ,η η(R T P +e ν )P (R T P , η) represents the stationary density profile around the TP, P (R T P , η) being the joint probability of finding the TP at the site R T P with the configuration of obstacles η.
In order to obtain a general expression for the TP stationary velocity for arbitrary force, we make use of the decoupling approximation [46] for the correlation function of the occupation variables of the form
which presumes that the occupation of the site just in front of the TP, and of a site some distance λ apart of it, become statistically independent. This approach represents a mean-field-like approximation and its physical motivation relies on the observation that a fluctuation in the occupancy of the sites in the vicinity of the tracer does not affect the dynamics far from the tracer itself. This decoupling scheme has been previously used in [38, 39] to derive general equations for the TP velocity in two-dimensional open systems. However, the analysis in [38, 39] has only been concerned with the linear response regime, giving access to the Stokesian behavior of the mobility and hence, via the Einstein relation, to the diffusion coefficient of the particle in the absence of external bias. Here we extend this analysis to nonlinear response (arbitrary force) and arbitrary dimensionality of the embedding lattice in order to define the physical conditions under which the NDM takes place.
Following [39] , this decoupling approximation can be shown to lead to a closed system for the A ν , which is reported in [44] . This system is highly nonlinear in the coefficients A ν . However, it can be numerically solved to find the analytic value of the TP velocity for an arbitrary choice of the model parameters.
Criterion for NDM.-By using our analytical solution, the region for NDM in the plane (ρ, τ * /τ ) can be determined, as reported in Fig. 1 , which constitutes the key result of this Letter. Importantly, this shows that for every density there exists a value of τ * /τ above which NDM can be observed; this value diverges for both ρ → 0 and ρ → 1. In turn, for any value of τ * /τ 1, there exists a range of density [ρ 1 , ρ 2 ], for which NDM occurs. When τ * /τ is sufficiently large, the value of ρ 1 can be made explicit using a small density expansion (see Eqs. (6)- (33) below). This leads to the exact asymptotic result
which is validated numerically in Fig. 1 , see [44] . Note that this exact result is consistent with our earlier scaling argument. In order to validate the above scenario and to explore the effectiveness of the decoupling approximation (14), we have performed numerical simulations for different dimensions. A very good agreement is observed for a wide range of parameters (see Fig. 2 for a two-dimensional infinite square lattice and [44] for the three-dimensional case). We show below that this approximation is actually exact in both limits ρ → 0 (at linear order in ρ) and ρ → 1.
Low density limit. -In the dilute limit ρ → 0, the system for the coefficients A µ can be drastically simplified (see [44] ). In this case, one has A µ ∼ 1 + (2dτ * /τ )p µ and the TP velocity can be expressed as
where the coefficients v n satisfy the linear system of equations
Here, the functions F n depend on the coefficients A µ , on dimension of the system, and are reported explicitly in [44] , while ∇ µ is a differential operator defined by the relation ∇ µ f (λ) ≡ f (λ+ e µ )− f (λ). The V (F ) obtained in this dilute limit is reported in Fig. 2(b 
A further simplification occurs in the limit considered in [2] of the standard Lorentz gas, namely when τ * /τ → ∞. In this case, from (33) we obtain an explicit solution, which, as an actual fact, coincides with the analytic results presented in [2] . In the particular case d = 2, the functions F n simplify to
with Z = 2 + e βF/2 + e −βF/2 . Substituting Eq. (34) into the system (33), and using Eq. (6), one recovers the exact result of [2] (see [44] ). As the accuracy of our analytic results increases when τ * /τ decreases, as shown numerically in Fig. 2 , we claim that our decoupling approximation, Eq. (14), is exact at linear order in ρ.
High density limit.-As detailed in [44] and illustrated here in the particular case d = 2, the system for the coefficients A µ linearized around 1 − ρ leads to
. (9) This result gives back the exact expression obtained in [40] in the particular case τ = τ * .
Conclusion.-We have presented an analytic theory for NDM in a general driven lattice gas. Exploiting a decoupling approximation, we have obtained an analytic expression for the force velocity relation. This expression which goes beyond linear response, is shown to be exact in both ρ → 0 and ρ → 1 regimes and turns out to be in very good agreement with numerical simulations for a wide range of parameters. In particular, for values of τ * large enough, a nonmonotonic behavior of the TP velocity as a function of the external force is indeed observed. Our study extends analytical results obtained in [2] and sheds light on recent numerical observations [34, 35] . In particular, with the choice of transition rates of [35] , which do not depend on the field in the transverse direction, NDM is observed only for much larger values of τ * /τ . This is due to the fact that the escape time of the TP from traps, in that case, is insensitive to the applied force to linear order in ρ.
Our solution reveals and quantifies a minimal physical mechanism responsible for NDM, which is based on the coupling between the density of obstacles and the diffusion time scales of the TP and obstacles. Our minimal model, which takes into account the repulsive part of the particle-particle interactions only, suggests that the phenomenon of the negative differential mobility should be a generic feature of biased transport in crowded environments.
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Supplemental Material
I. COMPUTATION OF THE STATIONARY VELOCITY
The time evolution of the joint probability P (R T P , η; t) of finding at time t the TP at the site with the configuration of obstacles η, is governed by the following master equation
r,µ ; t) − P (R T P , η; t)]
where η r,µ is the configuration obtained from η by exchanging the occupation numbers of sites r and r + e µ . The stationary velocity of the TP is obtained by multiplying both sides of the master equation by (R T P · e 1 ), summing over all possible configurations (R T P , η), and taking the limit t → ∞. This yields the expression
where the functions k(λ) are the stationary values (in the t → ∞ limit) of k(λ; t), defined as
We define k(λ; t) for λ = 0 by k(0; t) = 0. The evolution equations for k(λ; t) may be obtained by multiplying the master equation by η(R T P + λ) and summing over all the configurations of (R T P , η). We get the following equation:
where we introduced the average X(R) ≡ RT P ,η X(R)P (R T P , η; t), and ∇ µ is a differential operator defined by the relation ∇ µ f (λ) ≡ f (λ + e µ ) − f (λ). In order to solve this equation, we use the decoupling approximation proposed in the main text:
which is valid for λ = e ν . For convenience, we also introduce the functions h(λ; t), defined by
One finally shows that h(λ; t) satisfy the following evolution equations 2dτ
. We introduce the auxiliary variable ξ = (ξ 1 , . . . , ξ d ) and the generating function
where the shorthand notation h(n 1 e 1 + · · · + n d e d ; t) = h n1,...,n d (t) has been used. (n 1 , . . . , n d ) are the components of the vector n. If (n 1 , . . . , n d ) = e ν then we use h e ν ≡ h ν . From Eqs. (16) and (17) we can show that H(ξ; t) is the solution of the following partial differential equation
The stationary solution of Eq. (19) is
We rewrite the auxiliary variables as ξ j = e iqj , and introduce the function
with
so that H(ξ) becomes
Note that F n is the long-time limit of the generating function of a biased random walk on d-dimensional lattice [1] . Using the definition of F n from Eq. (22), and taking the inverse Fourier transforms, we get
Using Eq. (24),
Finally, using the definition of K in Eq. (20), writing H(q 1 , . . . , q d ) using Eq. (18) and identifying the terms from both sides of Eq. (26), one shows that h n1,...,n d is given by the following system of 2d equations
where (n 1 , . . . , n d ) are taken equal to the coordinates of the base vectors {±e 1 , . . . , ±e d }. Noticing that h ±2 = · · · = h ±d for symmetry reasons, this system of 2d equations may be reduced to a system of three equations (ν = ±1, 2)
In the above expressions the matrix C ≡ (A µ ∇ −µ F e ν − αδ µ,ν ) µ,ν , α = µ A µ , and the matrix C ν is obtained from the matrix C by replacing the column corresponding to the index ν with the column vector ((
Notice that the functions F n , defined in (22) can be rewritten as
n i being the components of the base vector n and I i (x) -the modified Bessel function of first kind.
II. LINEARIZED SOLUTION FOR LOW DENSITY
For the general d−dimensional case the functions h n satisfy the system (27) . In order to derive an approximated solution in the low density limit, we introduce the variables v n via the relation
When n = e ν , we use v n = v ν , so that the expression for the tracer velocity becomes
In the low density limit ρ → 0 the coefficients A µ can be approximated as
and, substituting the expression (30) into (27), one obtains the system satisfied by the variables v n
where x ≡ τ * /τ . Notice that the system (33) obtained in the low density approximation is linear in the variables v n .
A. Lorentz lattice gas limit
Let us consider the explicit case d = 2, in the limit of the standard Lorentz gas, namely when x → ∞. Then the functions F n simplify to
with Z = 2 + e βF/2 + e −βF/2 . Introducing the variables u i , with i = ±1, 2, through the relation v i = (p i − p −i )u i , we obtain the following linear system
Notice that the expression (34) corresponds to the perturbed time evolution operator (integrated in time) introduced in Ref. [2] . In order to explicitly recover the solution reported in [2] , we notice that, using the expressions for the probabilities p 1 = e F/2 /Z, p −1 = e −F/2 /Z and p 2 = 1/Z, the following identities can be obtained
Finally, expressing the functions F e 2 and F 2e2 in terms of F 0 and F e 1 +e2 , namely
one can check that from the system (35) the explicit solution reported in [2] follows.
B. Exact criterion for NDM in the low density limit
The solution of the system (33) gives the coefficients v 1 and v −1 appearing in the expression (31) . These coefficients depend on x and on the probabilities {p ν }, v µ = v µ (x, {p ν }), both explicitly and implicitly through the functions F n . In order to find the condition for negative differential mobility, we consider the case of large force, such that
where ǫ is a small quantity. Substituting these expressions into the definition of F n , we can expand to the first order in ǫ to get
where
n (x) = F n (x, ǫ = 0) and F
n (x) = ∂ ∂ǫ F n (x, ǫ) ǫ=0 . Next, substituting Eqs. (37) and (38) into the solutions of the system (33) , and retaining only the terms up to the order ǫ, we obtain the expression for the coefficients v µ
Notice that v n (x) and F (1) n (x). Thus, for the tracer velocity (31) to the order ǫ we have
Eventually, writing
a general criterion for negative differential mobility can be obtained by studying the sign of the term V (1) (x), which yields the condition
The functions v
1 (x) and v
1 (x) satisfy the system obtained by expanding (33) to the first order in ǫ. In particular, in the case d = 2, to the zero order we have
where, dropping the dependence on x in the functions F n ,
and
Therefore
whereÃ 0 is obtained from A 0 replacing the first column with the vector B 0 . Analogously, for v
1 , we have to solve the system
with 
Therefore v
whereÃ 1 is obtained from A 1 replacing the first column with the vector B 1 . In order to obtain an explicit formula for v
1 (x) we expand the complete solutions in 1/x. This provides the leading contribution of the function H(x) for x → ∞, which corresponds to the large τ * /τ limit. First, we write the expressions for F
n (x) and F 
IV. NUMERICAL SIMULATIONS
We consider a d−dimensional lattice with M sites and prepare the N particles in a random configuration, with density ρ = N/M . In the case d = 2 for ρ ≤ 0.2, we used a square lattice with M = L x × L y = 100 2 sites, with periodic boundary conditions in both directions, and we checked that results are independent of the box size. In the case ρ = 0.5, to avoid finite size effects, we used L x = L y = 250. For d = 3, the box linear size is L = 60, with periodic boundary conditions. In Fig 3 we compare analytic and numerical results for the case d = 3. 
